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a b s t r a c t
In this paper we study a kind of financial product, stock loans, in which there is a capped
limit for the stock price when it exceeds a predetermined barrier. Loans with two types of
cap are analyzed: constant caps and caps with a constant growth rate. We build the pricing
models of the contracts by analyzing the form of the optimal stopping time and derive the
formulas of the value functions. We present the numerical results and make an analysis of
fair values of related parameters. A comparison between capped stock loans and uncapped
ones is also given. We find that capped loans have their own advantages such as more
flexibility and lower cost.
Crown Copyright© 2010 Published by Elsevier Ltd. All rights reserved.
1. Introduction
In 2007, Xia and Zhou [1] studied stock loans without any added terms. The contract is essentially a kind of special
perpetual American call option with time-dependent strike, and it has a different structure from the common perpetual
American call option. A standard stock loan can be described as follows. In a simple market, there is an investor (borrower)
and a bank (lender): the former possesses a stock, needs somemoney to invest or to do other things and does notwant to sell
the stock. The bank will not lend any money to the investor if he does not receive any assets as guarantee. Thus the investor
obtains some money from the bank after using the stock as a mortgage. The investor can exercise the contract and regain
the stock at any time of the life of the contract when he refunds the loan principal plus interest. Certainly the investor can
also keep the loan instead of obtaining the stock. The stock loan has many advantages, which have been explicated in [1].
It is a special American call option with time-dependent strike and it has essentially different structure from the common
American call option, which is emphasized in [1]. Xia and Zhou [1] performed original work on stock loans and obtained
the explicit pricing formulas by analyzing the form of the optimal stopping time; they further studied the fair values of
related parameters in the pricing model, i.e., the service fee of the loan, loan interest rate and loan amount. Ekström and
Wanntorp [2] have studied margin call stock loans, i.e., loans in which a stock acts as collateral, and the borrower is obliged
to pay back parts of the loan if the price of the stock falls below the loan amount. Zhang and Zhou [3] have studied stock
loans with regime switching.
American call options are a kind of popular derivative. The holder of the contract (long position) owns the right after
paying the option’s premium. But the risk which the writer of the contract meets is possibly infinite because of the increase
of the underlying asset price. Byway of contrast, capped call options are a contract which has a special feature—reducing the
potential large risk caused by the rise of the underlying asset price, and limited liability for the short position. And therefore
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capped call options are attractive to the issuers of contracts, or to an investor hoping for the short position. Broadie and
Detemple [4] have systematically studied American capped call options. They gave the value formulas of the American
capped call options and got the optimal exercise boundary.
A capped stock loan is a special loan in which the writer can avoid the possible large loss by setting up a barrier for the
stock price. After the holder refunds the loan, he will get the stock if the stock price is lower than the predetermined level
(capped limit); otherwise he will get the predetermined money (amount equal to the capped limit). In other words, the
holder will get the minimum value between the stock price and the predetermined money after paying back the loan. The
possible maximum loss for the short position is the difference between the capped limit and the accumulative loan amount.
Determining a reasonable barrier/capped level, the holder of the contract still has the possibility of obtaining a profit, and
thewriter acquires the income of the premium andmay cut down future risk in themeantime. Thus capped loans holdmore
advantages than standard loans, which can provide the writer with protection. This will perhaps attract more investors into
this market. Capped stock loans also have more flexibility and more cost advantage by contrast with standard stock loans,
which we will show in detail in Section 4.
The paper is organized as follows. In Section 2, we give a detailed explanation of a capped stock loan and the problem
formulation.We also give the optimal exercise boundary and pricing formula of a capped stock loan in this section. Section 3
presents the case in which the cap is the constant growth rate and gives the pricing formula. Section 4 gives the numerical
results, and a comparison of types of loan will be also discussed in Section 4. Finally, our conclusions are given in Section 5.
2. Stock loans with constant cap
In this section, we give a description of capped stock loans. We assume that there are two assets in the market: a bond
and a stock. Suppose that the risk-free interest rate is a constant r . The price of the bond satisfies the following equation:
dBt = rBtdt.
The price process of the risky stock follows geometric Brownian motion (GBM):
dSt = (r − δ)Stdt + σ StdWt . (2.1)
Eq. (2.1) has a solution as follows:
St = S0 exp
{(
r − δ − 1
2
σ 2
)
t + σWt
}
(2.2)
where S0 > 0 is the initial value of the stock price, δ ≥ 0 is the dividend yield, and σ > 0 is the volatility of the stock price.
The standard Brownian motionW ≡ {Wt , t ≥ 0} is defined in risk-neutral probability space (Ω,F ,Ft , P). The filtration
Ft is P-augmented and is generated by the standard Brownian motionW , with F0 = σ(∅,Ω) and F = σ(∪t≥0 Ft).
Capped stock loans in this paper have the following specifications.
• At the time 0, the borrower gets loan amount q from the lender with one share of the stock as collateral, so the lender
charges amount c (0 ≤ c ≤ q) as the service fee. The borrower owns a long position of an option which gives him the
right to decide whether or not repay the loan at any time.
• The continuous compound loan interest rate is β; generally speaking, β > r . In other words, if the borrower repays the
loan at time t ≥ 0, he will refund the amount qeβt to the lender. The accrued dividends of the stock are collected by the
lender until the borrower repay the loan.
• When the borrower decides to repay the loan principal plus interest at any time t ≥ 0, he will receive the minimum
between the stock price and the predetermined money L (L > q), i.e., he will regain the stock when the stock price is
lower than L or he will get the amount money Lwhen the stock price is higher than L.
• The borrower has no obligation to refund the loan.
Now, there is a question: what are the rational values of the parameters L, q, c and β?
We can regard the contract as an perpetual American capped call option with the time-dependent strike price qeβt at
time t . The payoff process of the option is denoted byGt = (St∧L−qeβt)+, t ≥ 0, where x∧y = min(x, y), x+ = max(x, 0).
So the problem above can be discussed by first analyzing the price of the American capped option. The price of the option
at time 0 is
f (x, L) = sup
τ≥0
Ex
[
e−rτ (Sτ ∧ L− qeβτ )+
]
= sup
τ≥0
Ex
[
e−rτ
(
x exp
{(
r − δ − 1
2
σ 2
)
τ + σWτ
}
∧ L− qeβτ
)+]
, (2.3)
where Ex denotes the expectation operator under the initial condition S0 = x. This is an optimal stopping time problem. On
optimal stopping time,we can review its’ mathematical aspects and find its’ applications in finance in [5–7]. Xia and Zhou [1]
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have worked out the valuation problem of a stock loan without any additional terms, i.e., a stock loan with uncapped limit,
and obtained the following value function:
fu(x) = sup
τ≥0
Ex
[
e−rτ (Sτ − qeβτ )+
] ; (2.4)
this problem is equivalent to the capped limit L in (2.3) being equal to infinity. So we must point out that this problem in
(2.3) is different from the perpetual capped American call option and cannot be solved directly by variational inequality,
which has been similarly explained by Xia and Zhou [1], and we omit the details. For the convenience of presentation, we
give the results of Xia and Zhou [1] as follows:
Theorem 2.1 ([1]). Case 1. If δ = 0 and β − r ≤ σ 22 , then fu(S0) = S0 and the optimal stopping time τ ∗u = ∞.
Case 2. If δ > 0, or δ = 0 and β − r > σ 22 , let
a0 ≡
q
[√(
σ
2 − β−r+δσ
)2 + 2δ + σ2 + β−r+δσ
]
√(
σ
2 − β−r+δσ
)2 + 2δ − σ2 + β−r+δσ
, (2.5)
and
K ∗u = max{a0, S0}; (2.6)
then τ ∗u = inf{t ≥ 0; e−βtSt = K ∗u } is the optimal stopping time and
fu(x) = fu(S0) = (K ∗u − q)
(
K ∗u
S0
)− 1σ [√( σ2 − β−r+δσ )2+2δ+ σ2 + β−r+δσ ]
, x = S0. (2.7)
Remark 2.1. If we denote 10 = ∞, then we can write τ ∗u = ∞ = inf{t ≥ 0; e−βtSt = K ∗u }, where K ∗u = max{a0, S0} = ∞
in case 1. Therefore, τ ∗u has the same form in the two cases, and τ ∗u = inf{t ≥ 0; e−βtSt = K ∗u }.
Next we will show the optimal stopping time of problem (2.3) has the form τ ∗L = inf{t ≥ 0, St = L ∧ K ∗u eβt}, where K ∗u
follows (2.6). For this goal, we need to make some preparations as follows.
Proposition 2.1. Denote f (x, L) = f (x) for simplicity. Then f (x) is continuous, nondecreasing, and bounded on (0,∞). More-
over, (x ∧ L− q)+ ≤ f (x) ≤ (L− q). f (x) = L− q, for x ≥ L; f (x) is convex, for 0 ≤ x ≤ L.
Proof. By taking τ = 0 in problem (2.3), we can get that (x ∧ L− q)+ ≤ f (x). On the other hand, we have
f (x) = sup
τ≥0
Ex
[
e−rτ
(
x exp
{(
r − δ − 1
2
σ 2
)
τ + σWτ
}
∧ L− qeβτ
)+]
≤ sup
τ≥0
Ex[e−rτ (L− qeβτ )+] ≤ (L− q).
By the definition of f (x), we can easily get that f is nondecreasing on [0,∞) and f (x) = L− q for x ≥ L, which implies the
contract has been exercised when St ≥ L. So the region St ≥ L belongs to the stopping set; if τ is the optimal stopping time,
then Sτ ≤ L. Note that function (x ∧ L − q)+ is convex when x ∈ [0, L]; thus it is not hard to obtain that f (x) is convex on
[0, L], which suggests that f continuous on [0, L]. By f (x) = L − q for x ≥ L, we can get the continuity on [L,∞); then f is
continuous on [0,∞). 
Proposition 2.2. Let x0 = inf{x > 0; (x∧L−q) ≥ f (x)}; then x0 ≤ L and {x > 0; (x∧L−q) ≥ f (x)} = [x0,∞). Furthermore,
we can write x0 = min(L, K ∗), and K ∗ ≥ q is a constant.
Proof. From the definition of the x0, we can get f (x0) = x0 ∧ L− q, and it is clear that f (L) = L− q = L ∧ L− q. Since x0 is
the infimum of {x > 0; (x ∧ L− q) ≥ f (x)}, x0 ≤ L. From f (x) > 0, one can get x0 ≥ q. We claim that f (x) = x ∧ L− q for
all x ≥ x0, which implies the conclusion of the proposition. Otherwise, there exists a x1 > x0 such that f (x1) > x1 ∧ L− q.
Case 1: if x1 < L, then f (x1) > x1 ∧ L− q = x1 − q. Then we have k ≡ f (x1)−f (x0)x1−x0 >
(x1−q)−(x0−q)
x1−x0 = 1. By the convexity
of f (x) on [0, L], we get
f (x)− f (x0)
x− x0 ≥ k, for x1 ≤ x ≤ L,
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or
f (x) ≥ f (x0)+ k(x− x0) = x0 − q+ k(x− x0).
Then
f (L) = lim
x→L−
f (x) ≥ lim
x→L−
[x0 − q+ k(x− x0)]
= x0 − q+ k(L− x0) = (1− k)x0 + kL− q > (1− k)L+ kL− q = L− q,
where the last inequality holds for 1− k < 0. Then we get f (L) > L− q, which contradicts f (L) = L− q.
Case 2: if x1 ≥ L, then f (x1) > x1 ∧ L− q = L− q contradicts f (x1) = L− q from Proposition 2.1.
Thus {x > 0; (x ∧ L− q) ≥ f (x)} = [x0,∞) and x0 = min{L, K ∗}, K ∗ ≥ q is a constant. 
Let Vt = ess supτ≥t E[e−r(τ−t)Gτ |Ft ] be the value process of the capped stock loan; then we have the following.
Proposition 2.3. The optimal stopping time of problem (2.3) has the form τ ∗L = inf{t ≥ 0; St = L ∧ K ∗eβt} for S0 < L ∧ K ∗.
τ ∗L = 0 for S0 ≥ L ∧ K ∗.
Proof. We can easily see that
Vt = eβtess sup
τ≥t
E
e−r(τ−t)
[
e−βt
(
Ste
(
r−δ− σ22
)
(τ−t)+σ(Wτ−Wt ) ∧ L
)
− qeβ(τ−t)
]+∣∣∣∣∣∣Ft

= eβtess sup
τ≥0
E
e−rτ (xe(r−δ− σ22 )τ+σWτ ∧ L′ − qeβτ)+
∣∣∣∣∣∣
x=e−βt St ,L′=e−βt L
= eβt f (e−βtSt , e−βtL).
We have τ ∗L = inf{t ≥ 0;Gt ≥ Vt} (see [5–7]). From Proposition 2.2, we obtain
τ ∗L = inf{t ≥ 0; (St ∧ L− qeβt)+ ≥ eβt f (e−βtSt , e−βtL)}
= inf{t ≥ 0; (St ∧ L− qeβt) ≥ eβt f (e−βtSt , e−βtL)}
= inf{t ≥ 0; e−βtSt ≥ e−βtL ∧ K ∗} = inf{t ≥ 0; St ≥ L ∧ K ∗eβt},
where the second equality is correct since f (x, L) > 0. So τ ∗L = inf{t ≥ 0; St = L ∧ K ∗eβt} for S0 < L ∧ K ∗, otherwise
τ ∗L = 0. 
Theorem 2.2. K ∗ = K ∗u , which implies τ ∗L = inf{t ≥ 0; St = L ∧ K ∗u eβt}.
Proof. It is clear that f (x, L) increases with respect to L; then the limit of f (x, L) exists when L → ∞. Moreover,
limL→∞ f (x, L) = fu(x). Denote τ ∗ = inf{t ≥ 0 : St = K ∗eβt}; when x = S0 < K ∗, one can easily get that τ ∗L increases with
respect to L and limL→∞ τ ∗L = τ ∗. From (2.3) and Proposition 2.3, we have
f (x, L) = sup
τ≥0
Ex
[
e−rτ (Sτ ∧ L− qeβτ )+
] = Ex[e−rτ∗L (Sτ∗L ∧ L− qeβτ∗L )+]
= Ex[e−rτ∗L (K ∗eβτ∗L ∧ L− qeβτ∗L )+], x < L ∧ K ∗.
By the continuity of function e−rx(K ∗eβx ∧ y− qeβx)+ with respect to x, y and limL→∞ τ ∗L = τ ∗, one can get
lim
L→∞ e
−rτ∗L (K ∗eβτ
∗
L ∧ L− qeβτ∗L )+ = e−rτ∗(K ∗eβτ∗ − qeβτ∗)+.
So
lim
L→∞ f (x, L) = E
xe−rτ
∗
(K ∗eβτ
∗ − qeβτ∗)+.
Then
Exe−rτ
∗
(K ∗eβτ
∗ − qeβτ∗)+ = Exe−rτ∗u (K ∗u eβτ
∗
u − qeβτ∗u )+,
since limL→∞ f (x, L) = fu(x) = Exe−rτ∗u (K ∗u eβτ∗u − qeβτ∗u )+. Note that τ ∗u = inf{t ≥ 0 : St = K ∗u eβt}, we can easily get
K ∗ = K ∗u and
K ∗ = K ∗u = max{a0, S0}, (2.8)
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where a0 follows (2.5). When S0 ≥ L ∧ K ∗, τ ∗L = 0 = inf{t ≥ 0; St = L ∧ K ∗u eβt} from (2.8), then τ ∗L has the same form
regardless of the ordering relationship between S0 and L ∧ K ∗. By
Ex
[
sup
τ≥0
e−rτ (Sτ ∧ L− qeβτ )+
]
≤ Ex
[
sup
τ≥0
e−rτ (L− qeβτ )+
]
≤ L− q <∞,
we know that τ ∗L is the optimal stopping time of problem (2.3). So the conclusion is proved. 
Remark 2.2. Theorem 2.2 also suggests that the optimal stopping time τ ∗L = min{τ ∗u , τL}, where τL = inf{t ≥ 0 : St ≥ L}.
So the optimal exercise time is the first time at which the underlying asset’s price equals or exceeds the minimum of the
cap and of the optimal exercise boundary for the corresponding uncapped stock loans.
Corollary 2.1.
τ ∗L =
{
inf{t ≥ 0 : Wt = c1 + c2t}, if τ ∗L ≤ t1;
inf{t ≥ 0 : Wt = d1 + d2t}, if τ ∗L ≥ t1,
where
t1 =

1
β
ln
L
K ∗
, if K ∗ < L;
0, if K ∗ ≥ L
(2.9)
and the constants c1, c2, d1, d2 are given by following Eqs. (2.10) and (2.11).
Proof. If t ≤ t1,
τ ∗L = inf{t ≥ 0 : e−βtSt = e−βtL ∧ K ∗}
= inf {t ≥ 0 : e−βtSt = K ∗} = inf{t ≥ 0 : e−βtxe
(
r−δ− σ22
)
t+σWt = K ∗
}
= inf
{
t ≥ 0 : Wt = 1
σ
ln
K ∗
x
+ 1
σ
(
β + δ + σ
2
2
− r
)
t
}
:= inf{t ≥ 0 : Wt = c1 + c2t},
where
c1 = 1
σ
ln
K ∗
x
, c2 = 1
σ
(
β + δ + σ
2
2
− r
)
. (2.10)
Similarly, if t ≥ t1,
τ ∗L = inf{t ≥ 0 : Wt = d1 + d2t},
where
d1 = 1
σ
ln
L
x
, d2 = 1
σ
(
δ + σ
2
2
− r
)
.  (2.11)
We can easily get the following lemma.
Lemma 2.1. Let τ0 = inf{t ≥ 0 : Wt = a+ bt}, where a > 0, b are two constants. Then
P(τ0 ≤ t) = Φ
(−a− bt√
t
)
+ e−2abΦ
(−a+ bt√
t
)
:= Fa,b(t),
fa,b(t) = a
t
3
2
φ
(
a+ bt√
t
)
,
(2.12)
and, if b2 − 2r ≥ 0,
Eerτ01{t1≤τ0≤t2} = exp
{
a
√
b2 − 2r − ab
} (
F
a,
√
b2−2r(t2)− Fa,√b2−2r(t1)
)
, (2.13)
whereΦ(x), φ(x) are the standard normal cumulative distribution function and density function, respectively, and t1, t2 ≥ 0 are
two constants. Fa,b(t), fa,b(t) are the cumulative distribution function and density function of τ0, respectively.
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Theorem 2.3. Case 1. When x ≤ min(a0, L), we have
f (x) = L exp
(
d1
√
d22 + 2r − d1d2
)(
F
d1,
√
d22+2r
(t2)− Fd1,√d22+2r(t1)
)
− q
∫ t2
t1
e(β−r)t fd1,d2(t)dt
+ (K ∗ − q) exp
(
c1
√
c22 + 2(r − β)− c1c2
)
F
c1,
√
c22+2(r−β)
(t1), (2.14)
where
t2 = 1
β
ln
L
q
, (2.15)
and the constants t1, c1, c2, d1, d2 are given by Eqs. (2.9)–(2.11). Moreover, if d22 + 2(r − β) ≥ 0, then we have
f (x) = L exp
(
d1
√
d22 + 2r − d1d2
)(
F
d1,
√
d22+2r
(t2)− Fd1,√d22+2r(t1)
)
− q exp
(
d1
√
d22 + 2(r − β)− d1d2
)(
F
d1,
√
d22+2(r−β)
(t2)− Fd1,√d22+2(r−β)(t1)
)
+ (K ∗ − q) exp
(
c1
√
c22 + 2(r − β)− c1c2
)
F
c1,
√
c22+2(r−β)
(t1). (2.16)
Case 2. Whenmin(a0, L) ≤ x ≤ L, f (x) = x− q.
Case 3. When x ≥ L, f (x) = L− q.
Proof.
f (x) = Ex
[
e−rτ
∗
L (Sτ∗L ∧ L− qeβτ
∗
L )+
]
= Ex
[
e−rτ
∗
L (K ∗eβτ
∗
L ∧ L− qeβτ∗L )+
]
= Ex
[
e−rτ
∗
L (L− qeβτ∗L )+1{L≤K∗eβτ∗L }
]
+ Ex
[
e−rτ
∗
L (K ∗eβτ
∗
L − qeβτ∗L )+1{L≥K∗eβτ∗L }
]
= Ex
[
e−rτ
∗
L (L− qeβτ∗L )1{ 1
β
ln
(
L
K∗
)
≤τ∗L ≤ 1β ln
(
L
q
)}]+ Ex [(K ∗ − q)+e(β−r)τ∗L 1{
τ∗L ≤ 1β ln
(
L
K∗
)}]
= LEx
[
e−rτ
∗
L 1{t1≤τ∗L ≤t2}
]
− qEx
[
e(β−r)τ
∗
L 1{t1≤τ∗L ≤t2}
]
+ (K ∗ − q)Ex
[
e(β−r)τ
∗
L 1{τ∗L ≤t1}
]
.
We say c22 + 2(r − β) ≥ 0; in fact
c22 + 2(r − β) =
[
1
σ
(
β + δ + σ
2
2
− r
)]2
+ 2(r − β) ≥
[
1
σ
(
β + σ
2
2
− r
)]2
+ 2(r − β)
= σ
2
4
+ (β − r)
2
σ 2
+ (r − β) ≥ (β − r)+ (r − β) = 0.
From Corollary 2.1 and Lemma 2.1, we can easily get the conclusion. 
3. Capped stock loans with a constant growth rate
The capped limits in stock loans can be extended as a time-varying cap. Stock loans with time-varying caps – more
specifically, growing caps – may be preferred by investors over constant caps. Increasing caps enable the borrowers to
capture more upside potential, and so may increase the attractiveness of the contract from their own point of view. In this
section, we study time-varying caps that grow at a constant rate g ≥ 0. That is, the cap as a function of time is
Lt = Legt (3.1)
where we assume L > q.
For the time-varying caps given by Eq. (3.1), the value of the contract at time 0 is
fg(x, L) = sup
τ≥0
Ex[e−rτ (Sτ ∧ Legτ − qeβτ )+]. (3.2)
We can similarly get the following conclusion.
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Theorem 3.1. The optimal stopping time of problem (3.2) is
τ ∗g = inf{t ≥ 0; e−βtSt = Le(g−β)t ∧ K ∗} = inf{t ≥ 0; St = Legt ∧ K ∗eβt}, (3.3)
where K ∗ is given by the Eq. (2.8).
Proof. Let Vg(St) = esssupτ≥tE[e−r(τ−t)(Sτ ∧ Legτ − qeβτ )+|Ft ]; then
Vg(St) = eβtesssupτ≥tE
e−r(τ−t)
[(
e−βtSte
(
r−δ− σ22
)
(τ−t)+σ(Wτ−Wt )
)
∧ (Leg(τ−t)e(g−β)t)− qeβ(τ−t)
]+∣∣∣∣∣∣Ft

= eβtesssupτ≥0E
e−rτ (xe(r−δ− σ22 )τ+σWτ ∧ L′egτ − qeβτ)+
∣∣∣∣∣∣
x=e−βt St ,L′=e(g−β)t L
= eβt fg(e−βtSt , e(g−β)tL).
Similarly, we can get the conclusion from the analysis of the problem with constant cap above. 
Corollary 3.1. If g < β , then
τ ∗g =
{
inf{t ≥ 0;Wt = c1 + c2t}, if t ≤ t3;
inf{t ≥ 0;Wt = e1 + e2t}, if t ≥ t3,
where
t3 =

1
β − g ln
L
K ∗
, if K ∗ < L;
0, if K ∗ ≥ L,
(3.4)
and the constants c1, c2, e1, e2 are given by the Eqs. (2.10) and (3.5).
If g = β , then
τ ∗g = inf
{
t ≥ 0;Wt = 1
σ
ln
K ∗ ∧ L
x
+ c2t
}
.
If g > β , then
τ ∗g =
{
inf{t ≥ 0;Wt = e1 + e2t}, if t ≤ t3;
inf{t ≥ 0;Wt = c1 + c2t}, if t ≥ t3.
Proof. Case 1. If g < β , then we have
Legt ∧ K ∗eβt =

Legt , if t ≥ 1
β − g ln
L
K ∗
;
K ∗eβt , if t <
1
β − g ln
L
K ∗
.
Thus, if t ≥ t3, we have
τ ∗g = inf
{
t ≥ 0; St = Legt
} = inf{t ≥ 0; xe(r−δ− σ22 )t+σWt = Legt}
= inf
{
t ≥ 0;Wt = 1
σ
ln
L
x
+ 1
σ
(
g + δ + σ
2
2
− r
)
t
}
:= inf{t ≥ 0;Wt = e1 + e2t},
where
e1 = 1
σ
ln
L
x
, e2 = 1
σ
(
g + δ + σ
2
2
− r
)
. (3.5)
If t ≤ t3, we have
τ ∗g = inf{t ≥ 0; St = K ∗eβt} = inf
{
t ≥ 0; xe
(
r−δ− σ22
)
t+σWt = K ∗eβt
}
= inf
{
t ≥ 0;Wt = 1
σ
ln
K ∗
x
+ 1
σ
(
β + δ + σ
2
2
− r
)
t
}
= inf{t ≥ 0;Wt = c1 + c2t}.
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Case 2. If g = β , then we have
Legt ∧ K ∗eβt = (K ∗ ∧ L)eβt .
So we can easily get
τ ∗g = inf
{
t ≥ 0;Wt = 1
σ
ln
K ∗ ∧ L
x
+ c2t
}
.
Case 3. If g > β , we can get the conclusion similarly as in the proof of case 1. 
Theorem 3.2. Case 1. When x < min(a0, L), we have the following results. If g < β , we have
fg(x) = L
∫ t4
t3
e(g−r)t fe1,e2(t)dt − q
∫ t4
t3
e(β−r)t fe1,e2(t)dt
+ (K ∗ − q) exp
(
c1
√
c22 + 2(r − β)− c1c2
)
F
c1,
√
c22+2(r−β)
(t3), x < min(a0, L), (3.6)
where
t4 = 1
β − g ln
L
q
, (3.7)
and the constants c1, c2, e1, e2, t3 are given by Eqs. (2.10), (3.4) and (3.5). Moreover, if e22 + 2(r − g) ≥ 0, e22 + 2(r − β) ≥ 0,
then we have
fg(x) = L exp
(
e1
√
e22 + 2(r − g)− e1e2
)(
F
e1,
√
e22+2(r−g)
(t4)− Fe1,√e22+2(r−g)(t3)
)
− q exp
(
e1
√
e22 + 2(r − β)− e1e2
)(
F
e1,
√
e22+2(r−β)
(t4)− Fe1,√e22+2(r−β)(t3)
)
+ (K ∗ − q) exp
(
c1
√
c22 + 2(r − β)− c1c2
)
F
c1,
√
c22+2(r−β)
(t3), x < min(a0, L). (3.8)
If g = β , then we have
fg(x) = (K ∗ ∧ L− q) exp
(
1
σ
ln
K ∗ ∧ L
x
√
c22 + 2(r − β)−
1
σ
ln
K ∗ ∧ L
x
c2
)
, x < min(a0, L). (3.9)
If g > β , we have
fg(x) = L
∫ t3
0
e(g−r)t fe1,e2(t)dt − q
∫ t3
0
e(β−r)t fe1,e2(t)dt + (K ∗ − q)
× exp
(
c1
√
c22 + 2(r − β)− c1c2
)(
1− F
c1,
√
c22+2(r−β)
(t3)
)
, x < min(a0, L). (3.10)
Case 2. Whenmin(a0, L) ≤ x ≤ L, fg(x) = x− q.
Case 3. When x ≥ L, fg(x) = L− q.
Proof. If g < β , then we have
fg(x) = Ex
[
e−rτ
∗
g (Sτ∗g ∧ Legτ
∗
g − qeβτ∗g )+
]
= Ex
[
e−rτ
∗
g (K ∗eβτ
∗
g ∧ Legτ∗g − qeβτ∗g )+
]
= Ex
[
e−rτ
∗
g (Legτ
∗
g − qeβτ∗g )+1{Legτ∗g ≤K∗eβτ∗g }
]
+ Ex
[
e−rτ
∗
g (K ∗eβτ
∗
g − qeβτ∗g )+1{Legτ∗g ≥K∗eβτ∗g }
]
= LEx
[
e(g−r)τ
∗
g 1{t3≤τ∗g ≤t4}
]
− qEx
[
e(β−r)τ
∗
g 1{t3≤τ∗g ≤t4}
]
+ (K ∗ − q)Ex
[
e(β−r)τ
∗
g 1{τ∗g ≤t3}
]
.
If g = β , then we have
fg(x) = Ex[e−rτ∗g (Sτ∗g ∧ Legτ
∗
g − qeβτ∗g )+] = Ex[e−rτ∗g ((K ∗ ∧ L)eβτ∗g − qeβτ∗g )+]
= (K ∗ ∧ L− q)Ex[e(β−r)τ∗g ],
for q < K ∗∧L. From Lemma 2.1, we can get the conclusion of this theorem. If g > β , we can similarly get the conclusion. 
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Fig. 1. Comparison of stock loans for different stock prices.
Remark 3.1. When L ≤ K ∗, we will get t3 = 0. Then Eqs. (3.9) and (3.10) will be read as fg(x) = (K ∗ − q) exp(
c1
√
c22 + 2(r − β)− c1c2
)
.
4. Computational results and fair parameters
In this section we provide computational results using the valuation formula derived above and a comparative analysis
between capped stock loans and uncapped stock loans, i.e., standard stock loans. From the analysis, we will find that capped
stock loans have their own advantages; for example, they have the lower cost in comparison with uncapped stock loans and
have more practicability.
4.1. Comparison of the valuations
Wewant to get the difference among uncapped stock loans, stock loans with constant cap and stock loans with growing
cap. First, we will show the valuation’s difference of options based on three stock loans. Fig. 1 shows a comparison among
(1) a perpetual American call optionwith time-dependent strike price, i.e., an uncapped stock loan; (2) a perpetual American
capped call option with a time-dependent strike price and time-varying cap, i.e., a stock loan with constant growth rate
cap; and (3) a perpetual American capped call option with time-dependent strike price and constant cap, i.e., a stock loan
with constant cap. The option values are computed from Eqs. (2.7), (3.6) and (2.14) for options (1)–(3), respectively. The
parameters for the comparison are r = 0.05, β = 0.07, σ = 0.3, δ = 0.01, q = 70, L = 100, g = 0.06. Since the option
values are increasing functions with respect to the cap, the results show that the option values satisfy (1) ≥ (2) ≥ (3). This
feature is illustrated in Fig. 1.
4.2. Comparison of the stock loans
We will analyze the possibility of making a business of stock loans.
First, we recall the analysis on the standard stock loans. Case 1. This is the case when the parameters have following
characteristics: δ = 0 and β − r ≤ σ 22 , i.e., there is no dividend and the loan interest rate is small
(
β ≤ r + σ 22
)
. From
Theorem 2.1, we know that fu(S0) = S0. By arbitrage theory, fu(S0)+ q = S0 + c . Then q− c = 0, i.e., the borrower actually
gets no money from the lender, so the deal will not happen and this is not an interesting case. Case 2. In this case, δ > 0
or β ≥ r + σ 22 , and a0 ≤ S0. By Theorem 2.1, the initial value of the stock loan is fu(S0) = S0 − q. But the theorem also
implies that the optimal exercise time is the initial time t = 0; therefore, there is no real business happening between the
borrower and the lender. This is also not interesting. Case 3. In this case, δ > 0 or β ≥ r + σ 22 , and a0 > S0. Both parties
have incentives to carry out the business. Now we have fu(S0) > S0 − q and then c = fu(S0) − S0 + q > 0, i.e., the lender
charges an amount c from the borrower for the loan.
Secondly,we consider stock loanswith constant caps. Case 1. The initial stock price is lower than the cap level L and a0, i.e.,
S0 < a0 and S0 < L. In otherwords, S0 < min(L, a0). Since the inequality f (S0) > (S0∧L−q)+ is always held by Theorem2.3,
the service charge amount c = f (S0) − S0 + q > 0. The borrower actually gets the loan amount q − c = S0 − f (S0) > 0
since the stock loan is an American call option in which the optimal exercise time is before the maturity (τ ∗L < ∞) and so
its initial value f (S0) is strictly lower than the initial stock price S0. Then the business will be done and the parties get their
wants. Case 2. If S0 < a0 and S0 ≥ L, the initial value of the stock loan f (S0) = L− q by Theorem 2.3. However, the theorem
also suggests that the optimal exercise time is t = 0 and the business will be not done. But if they both really want to carry
out the business, they can make the cap level L sufficiently large so that S0 < min(L, a0) is held; therefore, they can carry
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Fig. 3. Comparison of service charges for different loan amounts.
out the business provided what they want is as in case 1. Thus we can let this case S0 ≥ L not happen for ever. Case 3. If
S0 ≥ a0, by Theorem 2.3 the initial value of the stock loan ismin(S0, L)−q = S0−q if the level L is sufficiently large such that
S0 < L. But the theorem also implies that the optimal stopping time is time 0. Then this is not interesting and the business
will not be carried out. Therefore, we can get the conclusion that business can always be done between both parties under
the condition of capped stock loans when S0 < a0.
From the above analysis, we find that standard stock loans have their own shortcomings, since the business perhaps
often cannot be done. One of reason is that the lender cannot get the dividend (δ = 0) and the loan interest rate is lower(
β ≤ r + σ 22
)
. One reason is that the loan-to-value is not large enough
a0 ≤ S0, i.e., qS0 ≤
√(
σ
2 − β−r+δσ
)2+2δ− σ2 + β−r+δσ√(
σ
2 − β−r+δσ
)2+2δ+ σ2 + β−r+δσ
.
But stock loans with caps will overcome this shortcoming; the business can be always done when S0 < a0 or the loan-to-
value is large enough. Therefore, capped stock loans are more flexible than standard stock loans.
Next, wewill explain that capped stock loans havemore cost advantages than uncapped ones. Fig. 2 shows the difference
of cost (service fee). The parameters for the comparison are r = 0.05, β = 0.07, σ = 0.3, δ = 0.01, q = 70, L = 150,
g = 0.06. By c = f (S0) − S0 + q and the relationship of the options’ value, we can deduce that the service fees satisfy
(1) ≥ (2) ≥ (3). This feature is illustrated in Fig. 2. Fig. 2 shows the correlation between the service fees and the stock price.
To get more information about the correlation between the service fee and the cap, we present Fig. 3, which shows the
relationship of the loan amounts and the service charges. The parameters in the comparison are r = 0.05, β = 0.07, σ =
0.3, δ = 0.01, L = 150, S0 = 100, g = 0.06. The service charges should satisfy (1) ≥ (2) ≥ (3), and the figure also
illustrates the ordering.
For a borrower, whowants to get a loan at a lower cost, we can use the service charge to describe it. Table 1 also shows the
cost difference between capped stock loans and uncapped ones. The parameters for the comparison are r = 0.05, β = 0.07,
σ = 0.3, δ = 0.01, L = 150, S0 = 100. Generally, the loan amount q ranges from 50 to 100 since the lender lends the initial
stock market value S0 to the borrower at most. The holder of the capped stock loan bears a lower cost in comparison to an
uncapped stock loan because he has aminor right. q denotes the loan amount, c1 denotes the service charge of the uncapped
stock loan, and c2 denotes the service charge of the constant capped stock loan. The last row shows the saved amount of the
capped stock loan in comparison to the uncapped one. The saved amount increases from 7.40 to 29.47 with the loan amount
changing from 50 to 100. The ninth row shows the percentage of saved cost for the loan amount. When the loan amount is
100 and market stock value S0 is 100, the borrower will get the actual loan amount 82.22 if he chooses a capped stock loan.
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Table 1
The comparison of service charge.
q 50 55 60 65 70 75 80 85 90 95 100
c1 9.53 12.67 16.02 19.54 23.21 27.00 30.90 34.88 38.94 43.06 47.25
c2 2.13 3.30 4.58 5.89 7.31 8.81 10.40 12.08 13.87 15.76 17.78
q− c1 40.47 42.33 43.98 45.46 46.79 47.99 49.10 50.12 51.06 51.94 52.75
q− c2 47.87 51.70 55.42 59.11 62.70 66.20 69.60 72.92 76.13 79.24 82.22
c1/q (%) 19.06 23.03 26.70 30.07 33.16 36.00 38.62 41.03 43.26 45.33 47.25
c2/q (%) 4.26 6.01 7.63 9.06 10.44 11.74 13.00 14.22 15.41 16.60 17.78
c1−c2
c1 (%) 77.66 73.92 71.42 69.86 68.53 67.38 66.34 65.36 64.38 63.39 62.38
c1−c2
q (%) 14.80 17.02 19.07 21.00 22.72 24.26 25.62 26.82 27.85 28.73 29.47
c1− c2 7.40 9.36 11.44 13.65 15.91 18.20 20.50 22.79 25.07 27.30 29.47
If the borrower chooses an uncapped stock loan, he only gets actual amount 52.75. This means that the accessible capital
for the borrower will greatly decrease if he chooses the latter. The accessible capital will decrease by 29.47.
Remark 4.1. Capped stock loans have their own advantages against uncapped ones. First, they have more flexibility, and
both parties have the incentives to do business when the loan-to-value is large enough. Second, they have more cost
advantages with comparison to uncapped ones, and this perhaps easily absorbs the attention of the investors.
5. Conclusion
This article focuses on the valuing problem of a capped stock loan, which is the perpetual American capped call option
with time-dependent strike price. Since the problem cannot be solved directly by variational inequality, we use a purely
probabilistic approach to derive the value function. Once the formof the optimal stopping time ismade certain, the valuation
formula for options can be computed. In Section 2, we derived the valuation formula of capped stock loans with a constant
cap by analyzing the optimal stopping time. In Section 3, we analyzed a stock loan in which the cap has a constant growth
rate and obtained the valuation formula. Computational results were given in Section 4. From a comparison of capped and
uncapped loans, we find that the capped ones have their own advantages such as more flexibility and lower cost. Generally,
when a borrower cannot make a deal with a lender under standard stock loan conditions, both parties of capped stock loans
can reach an agreement and business will be done provided the loan-to-value is large enough.
One issue for future research is how to price stock loans involved in foreign exchange rates. For example, the borrower
borrows foreign currency from the lender with the stock priced by domestic currency as collateral. The borrower refunds
the loan with domestic currency. The pricing for the stock loan involves a foreign exchange rate and is full of challenges.
Another interesting question is how to price stock loans in which the loan interest rates are floating. In reality, there are
many loans with floating interest rates. When the risk-free interest rate is stochastic, the pricing problem of a stock loan
is worthy of being considered and will be difficult. Moreover, if the loan interest rate is also stochastic the evaluation of a
stock loan will be more interesting.
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